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1. INTRODUCTION 
The main purpose of this paper is to prove the following theorem. 
THEOREM A. Let P be a Sylow p-subgroup of the finite group G, where 
p > 2 and O;(G) = 1. Let A = Aut(G) and C = C,,(P). Then 
(i) C = C, x C,, where C, is a PI-group and C, is an abelian p- 
group. 
(ii) rf O,(G) = 1, then C, consists of just the inner automorphisms of 
G induced by the elements of Z(P). 
I do not know whether part (i) of the theorem is true for p = 2, but it 
should be noted that Glauberman 161 showed when p = 2 that C = C, C, 
with C, a normal subgroup of odd order in C and C, an abelian 2-group. 
The difference between these results is whether or not C, need be a normal 
subgroup of C. It must be mentioned, moreover, that the proof of Theorem A 
depends upon the recently completed classification of all finite simple groups 
whereas Glauberman’s result does not depend upon this classification. 
Part (ii) of Theorem A is false for p = 2. For example, suppose G is the 
alternating group of degree n, where n > 6 and n E 2 or 3 (mod 4) and let (J 
be conjugation by a fixed transposition. Then o is an automorphism of order 
2 of G, cr is not an inner automorphism of G, but u centralizes a Sylow 2- 
subgroup of G. (If n = 6 and c is conjugation by (12), for example, then c 
centralizes ((12)(3456), (12)(35)) which is a Sylow 2-subgroup of A,.) 
Another example like this is furnished by letting G = PSL,(q*) with q odd 
and letting o be the field automorphism of order 2 of G. 
To prove Theorem A, we first consider the special case where G is a 
simple group and prove the following. 
THEOREM B. Let G be a finite simple non-abelian group and let p be an 
202 
002 I-8693/82/070202-32SO2.00/0 
Copyright G 1982 by Academic Press, Inc. 
AlI rights of reproduction in any form reserved. 
P-CENTRAL AUTOMORPHISMS 203 
odd prime dkiding 1 G I. Let A = Am(G) and let S he a S~~low p-subgroup @ 
A. Identif4ng G with Inn (G), set P = S n G. Then C,(P) = Z(P). 
As with the previous result, this theorem depends upon the classification 
of simple groups. (We can make Theorems A and B independent of the 
classification by requiring G to be a known simple group in B and requiring 
all the composition factors of G to be known simple groups in Theorem A.) 
Using the classification, we quickly reduce Theorem B to the special case 
where G is a Chevalley group. In Section 3, we use a result about linear 
algebraic groups to prove Theorem I3 for almost all of the Chevalley groups. 
There are six exceptional cases (in four of which p = 3) which are not 
covered by the argument in Section 3. These six cases are handled by ad hoc 
calculations in Section 4. Once Theorem B is established, a fairl:: 
straightforward induction argument is presented in Section 5 to prove 
Theorem A. 
As a possible improvement of Theorem A: I conjecture that the conclusion 
of A(ii) is still valid when O,(G) # 1. An easy (and probably weil known) 
special case is when G is p-constrained. Then no matter what p is [even 2), C 
(and not just C,) consists of the inner automorphisms of G induced by the 
elements of Z(P) (see Corollary 2.4). 
The motivation behind Theorem A came from the following question: 
Suppose G, p! and P are as in Theorem A. Is there some “natural” normal 
subgroup K in G such that C,,(Pn K) < K? If G is p-solvable (or, more 
generaly, p-constrained) we may choose K = O,(G) and this leads to the 
whole theory of p-length as developed in [9]. Two possibilities I considered 
for K when G is not necessarily p-solvable are (1) K = F*(G), [he 
generalized Fitting subgroup of G (as defined in 15 I), and (2) K = the largest 
normal subgroup of G such that each composition factor of K has order 
divisible by p (it follows from 115, p. 2461 that such a K exists and contairrs 
each subnormal subgroup L in G such that each composition factor ofL has 
order divisible by p). If G is p-solvable, then both (1) and (2) are equivalent 
to K = O,(G). More generally, the subgroup in (2) always contains the 
subgroup in (1). Using Theorem A, we show the following. 
THEOREM C. Let S be a Sylow p-subgroup of thefinite group G. Assume 
that p > 2, O:(G) = 1, and P = S n F*(G). Then 
(i) C,(P) = Z(P). 
(ii) In particular. Z(S) < P. 
(iii) Each composition factor of F*(G) has order divisible by p. 
Parts (i) and (ii) of this result are false for p = 2: S, (the symmetric group 
of degree n) wfith n > 6 and 12 = 2 or 3 (mod 4) is a counter-example. 
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2. NOTATION AND PRELIMINARY RESULTS 
Suppose G is a group. We write H < G to indicate that H is a subgroup of 
G and Ha G if H is a normal subgroup. If S is a non-empty subset of G, 
then (S) is the subgroup generated by S. Commutators are defined by 
[x,y]=x--‘y-‘xy.IfH<GandxEG,then ]H,x]=([h,x]IhEH)while 
[H, K] = ([h, k] ] h E H, k E K) if H and K are both subgroups of G. Z(G) 
is the center of G while G’ = ]G, G]. If S is any non-empty subset of G and 
H<G,thenN,(S)={xEHIx-- ‘S~=S}whileC,~(S)=(xEH/x~‘yx=y 
for all y E S}. Aut(G), Inn(G), and Out(G) denote the automorphism group, 
the inner automorphism group, and the outer automorphism group, respec- 
tively, of G. (Thus Out(G) = Aut(G)/Inn(G).) If x E G, then i, is the inner 
automorphism y -+ x-‘yx for all y E G. 
If G is a finite group, then O,(G) is the largest normal n-subgroup, where 
rc is some set of primes, and F(G) is the largest normal nilpotent subgroup of 
G. F*(G) is defined to be that subgroup of G such that F”(G)/F(G) is the 
socle of P(G) C,(F(G))/F(G). E(G) denotes the terminal member of the 
derived series of F*(G). Basic properties of F*(G) and E(G) may be found 
in [S, Sect. lo]. If n is a non-zero integer and p is a prime, then n, is the p- 
part of the prime-power-factorization of 12, i.e., nP is the largest power of p 
dividing n. In particular, IGi, is the order of a Sylow p-subgroup of G. The 
set of all primes distinct from p is denoted p’. 
If K is a field, then K* is its multiplicative group. The notation used in 
this paper for the Chevalley groups (including the twisted ones) agrees with 
131. Information about these groups may be found in both ]3] and [ 13 J. In 
particular, we will make use of the description in [ 13 ] of the automorphism 
group of a Chevalley group. Unless explicitly stated to the contrary, all 
Chevalley groups in this paper are adjoint groups. If G is some Chevalley 
group over the field K and (r is an automorphism of K, we shall also write c1 
to denote the associated automorphism of G (i.e., in the notation of 131, 
x,(,u)~ =x,.(P) for all roots r and all y E K). 
Now if G is a Chevalley group over the finite field GF(q) andp is a prime 
not equal to the field characteristic, then calculating j G IP depends upon being 
able to calculate (q” - l)P for any positive integer n. (Note that ($ -I- l),, = 
(P - 1),/W - up and (q8 + q’ + l), = (q” - l),,/(q” - I&. Both q” + 1 
and qx + q4 f 1 occur as factors in the formulas for the orders of the finite 
Chevalley groups.) The following lemma enables us to make this calculation 
and we will use this result throughout (often without explicit reference). 
2.1. LEMMA. Let p he an odd prime, let q be an integer > 1 ivhich is 
prime to p, and let n be a positive integer. Let e be the smallest positioe 
integer such that p diuides q” - 1. Then 
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(4” - 1 >p = n,(q’ - 1 lp ife divides n 
= 1 otherwise. 
This is proved in [ 14, p. 5301. A consequence of this which we will use 
repeatedly is the following. 
2.2. COROLLARY. Let G and H be Chevalley groups of the same type 
Over the $nite fields GF(q) and GF(s), respectively. Assume that q q = .v’. 
where p is an odd prime dividing 1 G I. Then 
IG;, > IHi,. 
ProoJ If p is the field characteristic, then this follows directly from the 
standard formulas for the orders of G and H. Ef p is not the field charac- 
teristic, then the result follows from the lemma. 
The next lemma seems to be known but is included for the sake of 
completeness since there does not seem to be a convenient reference. 
2.3. LEMMA. Let P be a Hall subgroup of the ,fir?ite group G. Assume 
that a is an automorphism of G such that 
I.G. 01 < P < C,(o). 
Then u = iSy ,.for some x E Z(P) n 1 G, al. 
Proof. Let M=]G,aJ and n=jG:Pj. Then (I&Qn)-l and McJG. 
There must be an integer m such that 
mn E 1 (mod I&/). 
Now IM,al= 1 and so 
Trivially, !M. (0). G] = 1. The 3-subgroup lemma yields 
Hence, M -= 1 and so M is abelian. 
For x E G, let f(u) = [x5 a]. Then f maps G into M and f(x) = 1 for all 
x E P. Let {xi j i < i < n) be a set of representatives of the distinct right 
cosets of P in G and let z = nr_, f (xi). Since M is abelian, z is we&defined. 
Suppose x and y both belong to G. Then 
f(v)= [xy,a]= [-u,o1’14’,al=f’(x):‘f(4’). 
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With x E P, this yields f(xy) = f(v). Hence, f(y) depends only on which 
coset Pxi contains y. Therefore, since M is abelian, 
But then, since y-lzy andf(JT) are both in M, 
This implies that 
zm = (,7-~‘zyyf(yyn 
= y-‘z”yf(y). 
y” = yf(y) = Z-m?;ZM. 
Since y is arbitrary, we see that c = i, with x = z”‘. Clearly, x E M. NOW 
P < C,(o) and so [x, P] = 1. This forces x E Z(P) and the proof is complete. 
2.4. COROLLARY. Let G be a finite group such that G is p-constrained 
and O,,(G) = I. Assume that P is a Sylow p-subgroup of G and o is an 
automorphism of G such that [P, o] = 1. Then o = i, for some x E Z(P). 
Pro@ Since G is p-constrained and O,,.(G) = 1: 
C&,(G)) < O,(G) < P < C,(u). 
Since [O,(G), (71 = 1, the 3-subgroup lemma yields 
IG, 01 G GAO,,(G)). 
The lemma now implies that u = i, for some x E Z(P). 
2.5. COROLLARY. Let u be an automorphism of the finite group G. 
Assume that u centralizes some Hall x-subgroup of G and that 
IG, al< Z(G) < O,(G). 
Then u= I. 
ProqJ: If P is the Hall x-subgroup of G which is centralized by u, then 
[G, aI< O,(G) <P < G(u). 
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?he next lemma simply states some elementary facts for later use. 
2.6. LEMMA. Let G be a finite group and 71 a set ofprimes. Then 
(i) O,(H) = O,(G) n H 0” H is any subnormal subgroup qf G. 
(ii) O,(G/%(G)) = O,(G) Z(G)/Z(G). 
Proof. O,(G) n H is a normal z-subgroup of Ii. Thus OJG) c:If ,< 
O,(H). Conversely, O,(H) is a subnormal rc-subgroup of G. It follows from 
i 15, p. 2461 that O,(H) is contained in O,(G). This proves (i). 
Now suppose H/Z(G) = O,(G/Z(G)). Then each z’-element of li is 
contained in Z(H). It follows easily that H is the direct product of a rr-group 
and a &group. But then O,(H) is a Hall x-subgroup of H. Therefore. 
H = Z(G) O,(H). Using (i), we see that H < Z(G) O,(G). The reverse 
inclusion is obvious and so (ii) is proved. 
The next lemma is used to verify Theorem B for almost all finite 
Chevalley groups. It should be noted that in this lemma, “endomorphism.” is 
meant in the sense of algebraic groups and not simply with regard to just the 
group structure. 
2.7. LEMMA. Let G be a semi-simple connected linear algebraic group. 
Assume that a, /-l, and y are endomorphisms qf G onto itseif such that C,(:f) 
has finite order and a” = 1?p” for some posititle integers u and o. Let x E G 
and let P be any subgroup of C,(a) n C,(,L?i,). Then there is w E G such that 
w ‘Pw < C,(y). In particular, therefore, 1 PI diEides i C&)1. 
Proof. Let y be an arbitrary element of P. Then 
y = x -.. ‘yQ. 
For k = 1, 2,..., let xk = x’~-!x~~ ’ a.. x%, Then x’r =x. Suppose for some k 
that 
4’ = XL ’ y%/(. 
Applying /3 to both sides of this and using the fact that xi = xk,. ,.x- ‘) we 
obtain 
Then 
bk I 
xk+, =x--'y%= y. 
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Hence, by induction, 
y = xi ’ ybkx, 
for k = 1,2,... and all y E P. 
Since j?” maps G onto G, there must be z E G such that 
x,; = ZB”. 
Then, for all y E P, 
yY4” = Y a” = y = x,; ’ y”‘X, = (z - ‘yz)? 
for all y E P. Since /C,(y)] is finite, it follows from 
z= w(w-1)Y 
The kernel of /3” must be 1 by ] 1,7.1] and so 
yY= z.-lyz 
] 12, 10.11 that 
for some w E G. Then 
y=zyyz-’ = w(w-‘yw)W’ 
and so w-‘yw E C,(y) for all y E P. Thus w-‘P, 6 C,(y) and the lemma is 
proved. 
3. PROOF OF THEOREM B-THE NORMAL CASES 
Suppose G is a counter-example to Theorem B. Then C,(P) must be larger 
than Z(P) and so C,(P) is not contained in G. Hence, p must divide 
/Out(G)]. Now ) Out(G)] is determined for the alternating groups in 
[IO, 11.4.81, for the 26 sporadic groups in ] l] and 141, and for the Tits 
simple group *F,(2)’ in 17 1. In each of these cases ]Out (G)] is a power of 2 
(in’ fact, 1 Out(G)] = 1, 2, or 4) and so G cannot be any of these groups. 
The classification of finite simple groups now implies that G must be one 
of the groups listed in Table I. Note that A,, D,, E,, ‘A ,, 3D4: and ‘E, 
occur twice depending on the value of p. This is because different arguments 
have to be used. The first 16 cases in the table will be referred to as the 
normal cases while cases 17 through 22 will be the exceptional cases. We 
shall verify Theorem B for the normal cases in this section and then deal 
with the exceptional cases in Section 4. The exceptional cases are exceptional 
because of some “unusual” automorphism of order p. 
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Case G Restriction 
-.--..- _ . 
2 
3 
4 
5 
6 
1 
8 
9 
10 
11 
12 
13 
I4 
1.5 
16 
17 
18 
!9 
20 
2i 
22 
A ,(9) 
B,(9) 
ci(9) 
D,(9) 
E,(9) 
b(9) 
b(9) 
k;(9) 
G,(9) 
‘A ,(9*) 
‘&(9) 
‘D,(9’) 
‘DA97 
*E,A9’) 
“F,(9) 
*G,(9) 
A,(q) 
‘A ;(q’) 
E,(q) 
*E,(9’) 
D,(q) 
‘Dd9’) 
/>,l.pdoesnotdivid:(I+ l.q- 1) 
:>2 
123 
I> 4, either i > 4 or p # 3 
p does not divide (3.9 - I) 
12 2, p does not divide (/ + 1, y + 1) 
q=22n”>2 
124 
pf3 
p dots not divide (3. q i- 1) 
q=2’““>2 
q’22”1 1 > 2 
pdivides(lt l.q- 1) 
pdivides (r+ 1.q t 1) 
p=3.q= 1 (mod3) 
p=3.q=2(mod3) 
p=? 
p=3 
We assume now that G is one of the groups in cases 1 through 16. Let F 
be the subgroup of A consisting of all the field automorphisms. Then GF is a 
subgroup of A and? by using the description of A in ] 131, we find that 
iA : GF] is prime to p. Thus we may assume that S < GF. Since C,(P) is not 
contained in G, there must be x E P and o E F such that o has order p and 
x.-ly”x= y 
for all 4’ E P. By taking an appropriate power of ~i,~, we may assume that 
a” = ar for all a in the field and where (i) rp = q’ in cases 10, 12, and 14. 
(ii) rp = q’ in case 13, and (iii) rp = q in the remaining cases, Since p is odd 
and since F f 3 in case 13, we conclude that q = s3 for some positive integer 
S. Then Y is one of s’, s3, or s and its precise value is given in Table II. In 
cases 11, 15, and 16, s must be an odd power of 2, 2, and 3, respectively. 
Now let K be the algebraic closure of GF(q) and choose H to be the 
universal Chevalley group over K of type as given in Table II. Then, as is 
shown in [ 131, II is a connected semi-simple linear algebraic group. It is 
shown in ] 11, 2.1 ] that there is an endomorphism (in the algebraic group 
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TABLE II 
Case 
1 
2 
3 
4 
5 
6 
1 
8 
9 
10 
11 
12 
13 
14 
15 
16 
r 
..-.-. _.. 
s 
s 
9 
s 
S 
s 
S 
S 
S 
2 
,&I 
S2 
S3 
SZ 
s = 22m t ’
.$ = 32m-’ 
Type of Ii IZ(C&))l C,,(;~FZ(C&l Order @) 
A, v+ I,q-- 1) A,(s) 1 
B, Gq- 1) B,(s) I 
C, C&q-- I) C,(s) I 
D, (49’- 1) D,(s) 1 
4, (3,q- 1) E,(s) 1 
E, GAY- 11 EJ.s) 1 
64 I ES(S) I 
F4 1 F,(s) 1 
G* G2(F) I 
A, (I$ *.t,-+ I) ‘A,(?) 2 
B2 ‘&(s) 2 
D, wl~+ 1) ‘D,(s’) 2 
D.t ‘D,(s’) 3 
E, (3. qlt 1) 2E,(s’) 2 
f-4 1 lF,(s) 2 
G2 I +31(s) 2 
sense) a of H onto itself such that C,(a) is the universal Chevalley group 
covering G. In other words, C,(u)/Z(C,(a)) is isomorphic to G and 
IZ(C,,(a))l is as given in Table II. More specifically, if {x,(a) 1 a E K) is the 
one-parameter subgroup of H for the root t, then 
x,(aY = x,(,)((qy)), 
where p is a symmetry of the underlying root system (the order of p is given 
in Table II), a, = f 1 and a, = 1 if ft is a fundamental root, and e(q, t) is 
some integer depending on q and t. (Except for cases 11, 15, and 16, 
e(q, t) = q for all t. In cases 11, 15, and 16, e(q, t) is either 2” or 2”‘. ‘, 2” or 
2”+‘, or 3” or 3”“, respectively, depending upon whether t is a long or a 
short root.) 
Now p and (Z(C,(a))l are prime to each other. Thus P is isomorphic to a 
Sylow p-subgroup of C,(a). Let /3 be the endomorphism of H onto itself 
determined by a -+ a’ for a E K, i.e., 
x,(u)” =x,(d). 
Our previous work now implies that C,(a) contains a Sylow p-subgroup R 
such that 
z-‘yfiz=y 
for all y E R with z being some fixed element of R. Hence, 
R < C,(a) n C&Z,). 
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We now wish to choose an endomorphism y and integers u and 2: so that 
Lemma 2.7 is applicable. If the order of p divides p -- 1: then set u = 1. 
L’ = (p - l)/order @): and choose ‘/ so that 
x,(a)‘= X,(,)((&,U)‘(““)). 
It is easy to verify then that a” = 1/p”. Suppose. however, that the order of 61 
does not divide p - 1. Since p is odd, this forces the order of p to be 3. Then 
we must be in case 13 with p E 2 (mod 3) (recall that p f 3 in case IS), 
e(q, fj = q = sP for all t, and r = s3. Then set u = 2. L’ = (2p - 1)/3. and 
choose y such that 
Here again, a” = y/Y. 
ln all cases, therefore, we have an endomorphism ‘/ of H onto itself and 
positive integers u and t’ such that a” = ;$I’:. Furthermore, an examination of 
how y acts reveals that C,(y) is the universal Chevalley group of the same 
type as C,(a) but with q replaced by s. This implies that C,,(l/)/Z(C,,(y)) is 
as indicated in Table II. 
Now q = sp E s (mod p). It follows from this that (iZ(C,(y))i, p) = 1 and 
so 
From Lemma 2.7: we see that \R I must divide j C&)1. Hence, 
1 G Ip = j R I < 1 C,,(s>/Z(C,(;l>>l,. 
Since q = sP and since p divides j G 1, this contradicts Corollary 2.2. Thus 
Theorem El is verified in cases 1 through 16. 
4. PROOF OF THEOREM B-THE EXCEPTIONAL Cxxs 
We now assume that G is one of the groups in the exceptional cases 17 
through 22. As before, A = Aut(G), p is an odd prime dividing j G/, S is a 
Sylow p-subgroup of A, P = S n G, and C,(P) is not contained in G. We 
now consider the different cases separately. 
Case 17. Here G = A,(q) and p divides both I f 1 and q -- 1. With 
n = I-t- 1, G is isomorphic to PSI,,,(y) [3, Theorem Il.3.21. We begin by 
introducing some notation and explicitly describing a Sylow p-subgroup of 
GL,,(y) 1141. 
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Let n, = ps and let P, be a Sylow p-supgroup of the symmetric group of 
degree n. Since p divides n, s > 1 and every orbit of P, has length some 
power of p > ps (see, for example, the description of P, in ] 8, p. 821). Let 
A , ,..., A, be all the distinct orbits of P,. For each i, 1 < i < t: P, must contain 
an element xi such that (xi) acts regularly on Ai and xi fixes each element of 
A,i for j # i. (This follows since P,, is the direct product of Sylow p-subgroups 
of the symmetric groups on AiF 1 < i < t.) We may assume that the elements 
of Ai are labelled as follows: 
Ai = {(i. j) ) 1 < j < !d,i}, 
where 
(i:j)Xi=(i,j+ 1) if I<j<]A, 
= (i, 1) if j=lAil. 
Let V be a vector space over GF(q) with basis 
{L.(i.j) 1 1 < i< 6 1 <j< IAil}. 
The dimension of V is 
i lAil = n. 
jz, 
Thus we may identify GL,(q) with GL(V). We will regard P, as a subgroup 
of G,%(v), where 
for all x E P,. Then the elements of P, are permutation matrices in G-L,(q). 
Since p is odd, every memeber of P, has determinant 1. Therefore, 
PO < =Ql(q). 
For 1 < i < t, let Vi be the subspace of V spanned by 
{u(i,,j) i 1 < j< IAil 1. 
Clearly, 
v= v, 0 .** @ v,. 
Next, let (q - l),, = p’“. Then m > 1 and G&‘(q) contains a primitive p”‘th 
root of unity A. Since pm >p > 2% 1, A, and A-’ must all be distinct. For 
1 < i < t and 1 < j< Idi], let di,j be that element of CL,(q) such that 
cci<,j,,dij = ;IL+,.~, if i=i’and j=j’ 
= L;(i’,,i’) otherwise. 
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Let LY be the subgroup of GL,(q) generated by 
and let E = D 9 SL,(q). Then the elements of D are diagonal matrices and 
D is the direct product of n copies of a cyclic group of order pm. It is easiiy 
verified that P, normalizes D, P,D leaves Vi invariant for 1 < i < I, and 
since P,D has the right order (see 114, p. 53Oj), P,D is a Sy!ow p-subgroup 
of GL,(qj. Then 
P,D f? XL,(q) = P,,E 
is a Sylow p-subgroup of SL,(q). 
Let (0) be a Sylow P-subgroup of Aut(GF(q)j. (cr> acts in the obvious way 
on GL,(q) and there is a natural homomorphism.fof the semi-direct product 
GL,(q)(a> into PTL,(q) and the kernel off’consists of all scalar matrices In 
GL,,(q). PTL,(q), of course, is a subgroup of Aut(PSL,,(q)j = A. Clearly. f 
maps S.L,(q) onto G and CL,,(q) onto PGL,(q). Since (cr.) certainly 
normalizes P,) D, ,f(P,, D(a)) is a p-subgroup of A. Since ]A : PTL,,(q)i < 2 
and since p is odd, we conclude that f(P,D(o)) is a Sylow p-subgroup of A. 
Without loss of generality, therefore, we may assume that f(PoD(a)) =: S. 
Let T= f(P,D) and 6 = f(a). Then S == 7’(O) and P = S n G =:- 
s nuf(SL,,(q)) = f(P”E). w e need to determine C,(P) and we start by 
finding CT(P). 
4.1.. LEMMA. C,.(P) = Z(P). 
Since IZ is divisible by the odd prime p7 n > 3. Suppose first that ?I = 3. 
Then p =: 3 and P, = (x}, where 
0 I 0’ 
x= t 0 0 1 1 
. 
I 0 0 
Suppose If(y), f(x)] = 1, where 
, 
Then 
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for some ,U E GF(q). It follows from this that 
abc = a3. 
Then if z = a -‘y, we see that J() = f( y) and 
det(z) = ae3 det(y) = 1. 
It follows from all this that 
Since T = (f(x))/(D) and since f(x) E P, we must have 
C,.(P) G C,(.m)) < (“m)).m < p* 
But then C,(P) = (P) as claimed. 
Suppose now that n > 3 and that f(ab) E C,.(P) with a E P,, and b E D. 
Now f(E) <P and D is an abelian group containing E. Hence. it follows 
that 
lfb9J(a)l= 1 
for all ~7 E E. Choose (i, j) and (i’, j’) such that (i, j) # (i’, j,) and let 
j,!= d. .(jfr-’ 1.J l’..j” Then 4’ E E and so f(u) and f(a) commute. This implies that 
a-‘ya =py 
for some ,U E GF(q). Hence, y and ,UY have the same eigenvalues. The eigen- 
values of y are A, A--‘, and 1 (with multiplicity n - 2) while the cigenvalues 
of ,uq’ arc j.~uL, ,uA -I, and ,U (with multiplicity n - 2). Since n > 3, we must 
have ,u = 1 and so ay = ya. But then 
G(i,,j)n Y = v(j,,j) ay = u(i.,j) w = A”(i,,j)cr* 
It follows from this that (i, j)a = (C j). Since (i, j) was arbitrary, we 
conclude that a = 1. Thus we have shown so far that C,(P) <f(D). To 
finish the lemma, we will show that f(b) =f(b’) for some b’ E E. Then it 
will follow that C,.(P) <f(E) < P of which the lemma is an immediate con- 
sequence. 
Let 1 < i < 1. Then, since b E D, 
L’(i.l)b =W(i.l) 
for some ,U (depending on i) in (A). Since 
(S(b), f(x;‘)l E IC,-(PI, PI = 1, 
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we must have 
x,bxi ’ = vb 
for some v E GF(q). Then 
*(by:’ = v’b I-I 
and so 
cti.,,x:b = +,,v’bxj = v’,u~‘~~.~~x~. 
With 1 <j< /dii - 1, we obtain 
t’ b = v-‘,M+~,~) (r.3) 
while with j= Id,\, we find 
,uv(,.,, = vti,l,b = v’~“,LN~~.~,. 
The above implies that vIAi! = 1 and that bi. the restriction of b to Vi? is 
represented by the diagonal matrix 
1 
v 
Y 
i * 
V2 
. . 
VIAi -1 
The determinant of bi, then, is 
u 
!AilviAj:(lAil-IV2 
Since /Ai; is odd and since v!‘i’ = 1 and since p’ divides Id:/: we see that 
&t(bi) =pldii E (JiAi’>< (L”‘). 
Since V is the direct sum of the subspaces Vi :..., Vt. we conclude that 
det(b) E (A)“). 
Now (AP’) is a cyclic p-group and n/p’ is not divisible by p (recall that 
p” = nJ. Hence 
(i.p’) = (A”). 
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But then det(b) = dk” for some integer k. If b’ = Apkb, then f(b’) = f(b) and 
det(b’) = i -kn det(b) = 1, 
Hence b’ E E, and: by a previous argument, the lemma follows. 
Since we are assuming that C,(P) is not contained in G and since we have 
just shown that C,.(P) < G, there must be some nonidentity r E (a) and 
elements a E P, and b E D such that J(sub) E C,#‘). Let the subfield of 
GF(q) fixed by r be GF(r). Then q = rye, where pe is the order of r. Then 
r-q= 1 (mod p). 
Since p“ is at least p, Lemma 2.1 yields 
Pm=(q--)l,=P@(~--),l>(~--)p>P. 
It follows from this that A& GF(r). Hence A” # ;1. Since r has odd order, 
J.=#d-I. ThusPrf (l,&--I}. 
Now let y = d,,,d,;,f, with (i, j) # (i’, j’). Thenf(y) E P and so 
I~(Y>. f(rab>l = 1. 
This implies that 
b-'a-'y'ab = py 
for some p E GF(q). Therefore, y’ and ,uy have the same eigenvalues. If 
p = I, this would force 1’ (an eigenvalue of y’) to be one of A: ,l -.‘, or 1 (the 
distinct eigenvalues of y). Hence ,U # 1. Now if n > 3, then 1 and ,u are the 
only multiple eigenvalues of y” and py, respectively. Since p # 1, n must be 
<3. Since n is divisible by the odd prime p, we must have p = n = 3. 
Then 
p3 = det(,uy) = det( y’) = (det( y))’ = 1. 
Since p divides Y- 1, it follows that p belongs to GF(r). But the distinct 
eigenvalues of y’ are A’: (Pi)“, and 1 and the first two do not belong to 
GF(r). Since p is an eigenvalue of py which is similar to y’, we see that 
,U = 1: contrary to a previous argument. Thus we have a contradiction and 
Theorem B is proved for case 17. 
Case 18. Here G = *A,(q’) and p divides both I + 1 and q + 1. By 13; 
Theorem 14.5.1]: G is isomorphic to PSU,+,(q’). Then A is the product of 
PU,-,(q2) with the subgroup consisting of the field automorphisms. It 
follows that there is an isomorphism p of A onto some subgroup of 
Aut(PSL,.,. ,(q’)) and such that p(G) < PSL, ,. ,(q2). 
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Using the fact that p is odd and divides q $ I: we find that 
lcip = Pan!+,!,, 
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and 
IA Ip = IAut(PSL, Jq’))’ - \ IP. 
This implies that p(S) is a Sylow p-subgroup of Aut(PSL,+. I(q2)j while p(P) 
is a Sylow p-subgroup of PSL,- ,(q’). It now follows from case 17 (since p 
divides (1 -t 1. q2 - 1)) that C,(P) = Z(P). This verifies Theorem B in case 
18. 
In the remaining four cases, p = 3. We now wish to fix some notation in 
dealing with the group Y(K) with K some finite field and .Y either E, or E4. 
Most of this notation is described in detail in [3 1. 
The root system associated with Y is denoted by @ and {r! ,...: ri} is a 
fixed set of fundamental roots. W is the Weyl group and jsl :..., s!} are the 
fundamental weights (the relationship between {r, )..., r;) a.nd (s, ,...: xi) :s 
determined by the Cartan matrix of @ [3, p. 981). If YE Qp: then M’, is the 
element of W which reflects each root in the hyperplane orthogonal to r. X; 
is the root subgroup of Y’(K) for the root r, the elements of X, are x,.(n) with 
p E K, and U is the subgroup of Y(K) generated by all XT with Y a positive 
iOOt. 
The fret abelian group generated by is, ,..., s/i is Q while Q1 is the free 
abelian group generated by {r,,..., r,\. Since each yi is an integral iinear 
combination of the weights, we may regard Q, as a subgroup of Q. If x is 
any homomorphism of Q, into K*? then there is an element hkj in 
Aut(Y(K)j 13, p. 200 ] and the set of all such elements constitutes a 
subgroup 17. Let H = Y(K) fl T?. Then hk) E 11, if: and only if? x can be 
extended to a homomorphism of Q into K*. Let .L?(Kj = Y(K)@. Thee 
.2(K) consists of all the inner and diagonal automorphisms of .Y(K). 
For each r E @. there is an element n, E Y(K) 13, p. 93 1 which 
normalizes 8. Let A=A(n,lr~ @) and N=??n.Y(H). Then 
hT= H(n, j r E @), I$ = N!?, fi a N, and H 4 N. There is a homomorphism p 
of N onto W with kernel fi such that p(n,) = w,. for all I E @. H, will be 
chosen to be some Sylow 3-subgroup of W. Then R, -p(R) for some Sylow 
3-subgroup B of (n, j rE ~5). An examination of the way in which the 
elements of (11,. ) r E 4 j act on the underlying Lie algebra reveals that t!:e 
elements of N n (n,. / Y E @) are faithfully represented by diagonal matrices 
in which each diagonal entry is f 1. It follows from this that fir’! (G, I r E @‘,) 
is an elementary abelian 2-group. An immediate consequence of this is that 
B n fi = 1. Therefore, B and .B, are isomorphic. 
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Finally, let (a) be a Sylow 3-subgroup of the group of all field 
automorphisms of P(K). Note that (0) normalizes H and centralizes B. 
Case 19. Here G = E,(q) with 4 E 1 (mod 3). Let (A) be a Sylow 3- 
subgroup of GF(q)*. Then the order of L is (q - l), > 3. Let 6 = ib(q). 
Then 
We label the fundamental roots as follows: 
l-1 -- l-2 r.7 r, - r 5’ 
For future reference, we give the relationship between the fundamental roots 
and weights: 
r,= 2s,- s2, 
r2 = -s1 + 2s, - s, , 
r3 = - s2 + 2s, - s, -se, 
r4 = - sj+2sj-sj, 
r5 = - Sj + 2sj 3 
r6 = - s3 + 2s,. 
Let t=r,+2r,+3r3+2r,+r,+2r,. Then t E @ (in fact, t is the unique 
positive root of maximal height). Let a = w,.] I+!,.~, b = wTs )Y,~, and c = K,.~I~,. 
Then the images of ri under a, 6: and c are as given below: 
i 4ri> b(ri) ch) 
1 r2 rl rI 
2 -r, - r2 t-2 r2 
3 f-1 + rz + r.3 r3 + r4 + r, 5 + rh 
4 r4 -I4 - rj T4 
5 r5 r4 ‘5 
6 r6 r6 -t 
It follows from this that (a, b, c) is an elementary abelian group of order 27 
contained in W. We choose B, to be any Sylow 3-subgroup of W which 
contains (a, b, c). Since 
IB, I = I WI, = 34, 
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we must have (a. b. c) Q B,. Then %(B, jn (a, b, c) # 1. However. 
]Z(B,)j = 3. (One way to see this is to note from the list of conjugacy classes 
of W given in [2] that W has an element whose centralizer has order 3. 
Since ]B,I > 9, we must have lZ(B,)I = 3.) Therefore, Z(.B,) < (a: b, c). For 
future use, we need some of the orbits of @ under (a, b, c). This information 
is given below: 
r orbit of r under (a, b: c) 
-. 
?-? (r,,rZr-r,-r2j 
r4 P4, -r4 - r, : r5 i 
r6 1h -t, t -rc,} 
Now f? is the direct product of six copies of GF(q);‘: and B normalizes I?. 
Thus if D is the Sylow 3-subgroup of I?, then BD is a 3-subgroup of A. The 
order of BD is 
1 WI, lfii, =34((q- I)$ = 3 jG/, = j6j!. 
Therefore, BD is a Sylow 3-subgroup of G. Since (0) centralizes B anti 
normalizes I?, BD(o) is a 3-subgroup of A. Since it has the right order, it is 
a Sylow 3-subgroup of A and so we may assume that S = BD(a) = T(c). 
where T = BD = S n G. Then 
P=SnG=TnG=BE, 
where E-DnG=DnH. 
4.2. LEMMA. C,.(P)=Z(T)=Z(P)= C,(B)and IZ(P)(= 3. 
Prooj: Suppose z E C,.(P). Then [B,zj = 1 and so p(z) E Z(B,j< 
(a, b, c)” Let M; = p(z) and let 6’ be the homomorphism of Q into GF(q)* 
defined by 
t9(si) = 1 if i # 3 
ZZ A if i=3 
and let r] be the restriction of 0 to Qi. Then h(q) E E < P, v(r,) = i, 
q(rz) = jb ” -I, q(r3) = ,12, q(rJ = A-‘, q(r,) = 1, yl(r6) = ,V’: and r(t) = l. 
Since z and h(r) must commute, 
for all r E @. With r = rl, we find that the only root in the orbit of rrunder 
(a, b, c) on which q has the same value as on rl is rl itself. Hence w(r,) = rI ” 
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Similarly, w(rJ = r4 and w(r,J = r6. Now w E (a, b, c) and the stabilizers in 
(a, b, c) of r,, r,, and r6 are (b, c), (a, c), and (a, b), respectively. Hence 
w E (6, c) n (a, c) n (a, b) = 1. 
It follows from this that 
zETnkernel@)=Tnfi=D. 
Thus C,(P) <D. Since P = BE and since 
we have 
C,(P) = C,(B). 
Clearly, C,(P) > Z(T) Z(P) an d neither Z(T) nor Z(P) is 1. Thus the lemma 
will be proved once we show that IC,(B)I < 3. 
Suppose now that hk) E C,(B). Then 
for all r E Qi and all d E (a, b, c). In particular, x must be constant on each 
orbit of @J under (a, b, c). This forces 
x07 I= x(r2), X(G) = xW x(r6) = ~0) -‘. 
But then 
x(Q2x(r3) = x(r, + r2 + r3) = xW3)) =x(r3). 
Since X(r,) is an element of odd order in GF(q)*, x(r,) must be 1. Using 
x(r3) =xW3)) =x@, + r4 + 4 
and 
x(r3) = x(4r3)) = z(r3 + f-d, 
we conclude that X(r,) = X(r2) = x(r4) = x(r5) = x(r,J = 1. But then 
1 = X(r,)-’ =x(t) = ,y(r,)3. 
Hence x(Y3) is a third root of unity while X(ri) = 1 for i # 3. Clearly there are 
at most three possibilities for x. But then 1 C,(B)1 < 3 and the lemma is 
proved. 
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Now we are assuming that C,(P) is not contained in G. Since S = T(a), it 
follows from the lemma that (o) contains an element T of order 3 and T 
contains an element x such that rxE C,(P). Then 
for all y E P. Since B < Cr(a), we see that [B, xi = 1. Since T is the semi- 
direct product of the normal subgroup D and the subgroup B, 
C,(B) = Z(B) C,(B) = Z(B) Z(T) 
(using the lemma). Thus x = x,x? with x, E Z(B) and x2 E Z(T). Then 
x;‘y=x, = y 
for all y E P. This implies that x, E Z(C,(t)). 
Now C,,(r) is a Sylow 3-subgroup of C,(T) and x, E Z(C,>(r)). If 
y E Z(P), we find that 
y’ = xyx;’ = y. 
Hence Z(P)(x,) < Z(C,(t)). Since, by the lemma, 
Z(P)nB<DnB= 1, 
we see that either X, = 1 or JZ(C,(r))l > 3. If xi = 1, then y’ = y for all 
y E P and so C,(r) = P. Thus either 1 C,(t)h = j GI, or a Sylow 3-subgroup of 
C,(r) has a center of order >3. 
Let GF(q,) be the subfield of GF(q) fixed by t. Then q - qi and C,(r) is 
isomorphic to l?‘,(q,). Also 
q,,=qa=q- 1 (mod3) 
and so 3 divides q. - 1. Then Lemma 4.2 may be applied to &(q,j with the 
result that a Sylow 3-subgroup of E,(q,,) has center of order 3. It follows 
from this and our previous argument hat 
Pi.? = i GAr)l, = l&(qd3. 
Since (q - 1); L- (qi - 1)9 = 3(q,, - I).l, we find that 
l~h(qo>l3= 3 IE,(q")i,='4((q0- '>1!"1 
while 
IGI, = IE,(q)l, = 3”((q - Qjh = 3’((q, - lj,j”. 
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Certainly then 1 GI, > 1g6(q,J3 and we have a contradiction. Thus Theorem B 
is verified for case 19. 
Case 20. Now G = *E,(q*) with q E -1 (mod 3). The argument here is 
similar to the one used to dispose of case 18. Namely, when q = -1 (mod 3) 
I *&(q*I, = IJ%q2)13 
and 
I Aut(*4(q2)h = I AW&*)I,. 
Then it is not difficult to show that there is an isomorphism w of S onto 
some Sylow 3-subgroup of Aut(E,(q*)) such that v(P) is a Sylow 3- 
subgroup of E,(q*). Since q* = 1 (mod 3), it follows from case 19 that 
Hence, C,(P) = Z(P) and case 20 is finished. 
Cases 21 and 22. It is convenient to treat these cases together. Accor- 
dingly, let K be some finite field and let L = D,,(K). Let the Dynkin diagram 
of D, be labelled as follows: 
i2 
,I-,,\ 
r3. 
Let B be the symmetry of @ given by P(r,) = r,,P(r,) = r3, p(r3) = r,, and 
/%r,) = r4. Let g be the corresponding automorphism of L, i.e., 
bdP>>” = 33wdw) 
with sr= fl, Ed= 1 if kr is a fundamental root, and g3 = 1. Let 
w=w TI +r*+,,.+r, w,* and t = ri + r2 + r3 t 2r,. Then t is the positive root of 
maximal height and w is an element of order 3 in W. Specifically, ti acts on 
the fundamental roots as follows: 
w(ri) = ri t r4 if l<i<3 
= --t if i=4. 
Since 1 WI = 96, (w) is a Sylow 3-subgroup of W. Naturally, we take 
B, = (w). Then 3 = (u) for some u of order 3 with p(u) = w. Since 
r, -t rZ + r3 + r4 and r4 are both fixed by p, g must centralize U. 
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(a) and (g) centralize each other (recall that (0) is a Sylow 3-subgroup of 
the group of field automorphism of I,) and the image of (a, g) is a Sylow 3-- 
subgroup of Out(L). We now need to consider separately whether or not the 
characteristic of K is 3. 
I. Characteristic (K) = 3. In this case, CT is a Sylow 3-subgroup of’ L 
and U(c){ g) is a Sylow 3-subgroup of Aut(L). Let S = U(c){ g). Since I is 
the positive root of maximal height, X, < Z(u). Since j?(t) = t and since 
g3 = 1, E, must be 1. Then X, < Z(u( g)) and so 
But no non-trivial field automorphism can fix X,(U) for all ,U E K. Hence 
C,,,(X,) = 1. Therefore C,(U) < U( g>. 
Next, let U, be the subgroup of U generated by X,. for all positive roots of 
height >2. Then U, Q U(g), U/U, is abelian, and U/U, is the direct product 
of the images in U/U, of X,,: XT>, X,.,: and X,., 13, Theorem 5.33 1. Since 
we see that 
This implies that 
But then C,(U) = Z(u) and Theorem B is verified for case 21 when K has 
characteristic 3. 
Suppose K has an automorphism a of order 3 (otherwise, ‘D,(K) is not 
defined). Let R = CJag). Then R is a Sylow 3-subgroup of :‘D,(k) and /?(a> 
is a Sylow 3-subgroup of Aut(3D,(K)). For ,U E K, define I@) by 
Since IXri, X,] = I if 1 < i,j< 3, we find that J@) E R for all ,U E K. Also, 
we find that J@,) = ~101~) (mod U,) if, and only if: ~1, =,uu, . It follows from 
this that no non-identity element of (o) can centralize RjR f? U,. Since R 
does centralize R/R n U,, we obtain 
An immediate consequence of this is that CRcrij(R) = Z(R). This verifies 
Theorem B for case 22 when the field has characteristic 3. 
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II. Characteristic (K) # 3. Let K, be the splitting field of x3 - 1 over 
K. Then (K, : K) = 1 or 2 and (K, : K) G lK[ (mod 3). A straightforward 
calculation yields 
lAuW~WJl3 = IAut(DdK))L 
and 
ID.dKA = I~,WI,. 
It follows from this that D,,(K) satisfies Theorem B if, and only if, D4(K,) 
does. A similar argument shows that 3D, K) ( (when it exists) satisfies 
Theorem B if, and only if, ‘D,(K,) satisfies the theorem. Thus there is no 
loss of generality in assuming that K = K, , or in other words, that A # 1, 
where (A) is a Sylow 3-subgroup of K*. 
Let D be the Sylow 3-subgroup of A. Then D is the direct product of four 
copies of (A). Since 
Ifi:HI=IQ:Q,I=4, 
we must have D < H < L. D is normalized by u, and since D(u) has the 
right order, D(u) is a Sylow 3-subgroup of L. It follows that D(u)(g)(u) is 
a Sylow 3-subgroup of Aut(L). Let S = D(u)(g)(u) and let P = S n L = 
D(u). 
Since ((A : HI, 3) = 1, D consists of all h(,y) with x any homomorphism of 
Q, into (A). Let z = h(A) with x defined by 
X(ri> = 1 if i=l 
=A-’ if i=3 
= 1 if i= 2or 4. 
Then z E D and, since x(w(rJ) = x(ri) for 1 < i < 4, [z, u] = 1. Since D is 
abelian, this implies that z E Z(P). 
Suppose now that u, E (a) and cr, g-’ centralizes z. Then 
x(5) = xCc(r,>Yi 
for all i, 1 < i < 4. But P(r,) = r,,x(r,) = A, and A(rz) = 1. Thus we would 
have a contradiction. Hence (c)g-’ contains no element of C,(z). Since g 
has order 3, this implies that 
c,,,,,wv Q (0). 
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Now if r E C,,(z), then we would have to have ,?.’ = ).. Thus, if K,, is the 
subfield of K fixed by r, then A E K,. This implies that 
Since IK*/, > 3 and since llyl= /KO13”, where 3’i is the order of r: it follows 
from Lemma 2.1 that 3” = 1. But then r = 1. Thus we have shown that 
c,c7,,,tztp>) = 1. 
Then 
Hence C,(P) <P and so C,(P) = Z(P) which verities Theorem B for case 
21. 
Suppose finally that K has an automorphism n of order 3 (otherwise, 
3D,(K) is not defined). Let R = C,(ag). Since Q must belong to (a> and 
since [B, (c)] = 1, R = (u)C,(ag). N ow R is a Sylow 3-subgroup of “D,(K) 
and R(a) is a Sylow 3-subgroup of Aut(3D4(K)). 
Let zi = h(B) with 0 defined by 
,g(ri) = p- ‘) if 1<2<3 
= I if i= 4. 
Then 8(r) = @‘J(r))” f or all YE @. Hence z, E C,(ag ‘j < R. Since 
R = D(u) and since D is abelian, the only conjugates of z, under R are zI) 
K’z, U, and UZK’. Thus either CK(,,)(zl) CR or 
z;E {z,,U-‘Z1&uZ,!.-!J 
for some r E (a) with t # 1. 
Suppose the latter case occurs. Since (o) must be contained in (r) ((u) is 
the unique subgroup of order 3 in (o)), we see that 
zp E {Zl, 2.4 -‘zl 24, uz, 24 -- ’ ]* 
Without loss of generality, we may assume that ,P =,P, where / k’l = q3. 
Now 3 divides (K* 1 and so, by Lemma 2.1: 
(cl3 - 113 > (q- 113. 
This implies that A” #k Hence z4 #z, and so z; is either u-‘zl 25 01 
uzl u ---I. It follows from this that there is a sign e = f 1 such that 
B(r)” = tl(w”(r)) 
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for all r E @. But then with r = I,, we obtain 
1 = B(r,)” = e(PVe(Y4)). 
Since 13(w(r,)) = 19(--t) = ;i-(‘+q+q2) and B(w-’ (Y&) = 8(r, + rz + r3 + r4) = 
,l(‘+q+q2), we see that 
Since the order of ,4 in K* is IK*), = (q3 - 1)3, this implies that 
Hence (q - 1)3 = 1. But q3 E q (mod 3) and 3 divides q3 - 1. Thus we have 
a contradiction. 
Therefore, CKloj (zi) < R. This implies that C,,,,(R) = Z(R) and so 
Theorem B is verified for case 22. The proof of Theorem B now is complete. 
5. PROOF OF THEOREMS A AND C 
THEOREM A. Let P be a Sylow p-subgroup of theJnite group G, where 
p > 2 and O,,(G) = 1. Let A = Aut(G) and C = C,(P). Then 
(i) C = C, x C,, where C, is a p’-group and C, is an abelian p- 
group. 
(ii) If O,(G) = 1, then C, consists of just the inner automorphisms of 
G induced by the elements of Z(P). 
Proof 
Assume that G is a counter-example of minimal order. Clearly 1 PI > 1 
(otherwise, 1 Gj = 1). We now proceed in a series of steps. 
(I) Z(G)= 1 but [G,C,Cl# 1. 
Proof. Suppose Z(G) # 1. Lemma 2.6(ii) implies that O,,(G/Z(G)) = 1. 
C/C,(G/Z(G)) is a group of automorphisms of G/Z(G) which centralizes a 
Sylow p-subgroup P/Z(G) of G/Z(G). The minimality of G implies that 
C/C,(G/Z(G)) must be the direct product of a p’-group and an abelian p- 
group. If D = C,(G/Z(G)): then (G, Dl < Z(G) < O,(G) and D centralizes 
P. From Corollary 2.5, we obtain .D = 1. Hence C is the direct product of a 
p/-group and an abelian p-group. Thus G satisfies the conclusion of the 
theorem (G satisfies (ii) vacuously when Z(G) # 1 since Z(G) < O,(G)) 
contrary to assumption. Thus Z(G) = 1. 
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Now suppose that [G, C, C] = 1 and let M = [G, C]. Then M ,Sl G and 
]M. C] = 1. Then [M. C, G 1 = 1 = [G, M, C]. The 3-subgroup lemma yields 
I= IG,C,M]= IM,M]. 
Therefore, M is abelian. Since O,,(G) = 1, we must have M< O,(G) <P. 
Lemma 2.3 now implies that C consists ent.irely of inner automorphisms 
induced by elements of Z(P). Since G is a ounter-example, this is impossible. 
Hence [G, C, C] # 1. 
(2) O,(G) = 1. 
Proof. Suppose O,(G) # 1 and let M = Z(O,(G)) and H = C,(M). Then 
1 <M<Z(H)(3G 
Also O,(G) <P and so [M, Cl = 1. The 3-subgroup lemma yields 
I G, C] < C,(M) = H. 
It follows from (1) that [H, C] # 1. Hence H > M. 
NOW O,,(N) = 1 and O,,(H/Z(H)) = 1 by Lemma 2.6. Then 
O,,(H/M) = 1. Since H > M, it follows that p divides ]H/M]. Now 
(Pn H)/M is a Sylow p-subgroup of H/M and C induces automorphisms of 
H/M. Since /G] > (HI > (H/MI, the minimality of G implies that if 
D = C,(H/M), then C/D is the direct product of a p’-group and an abelian 
p-group. Certainly D > C,(H). Conversely, D operates on H. 
14 Dl< M < Z(H) ,< O,,Wj, 
and D centralizes a Sylow p-subgroup of H. It now follows from 
Corollary 2.5 that D = C,(H). 
Since II 4 G, the 3-subgroup lemma may be invoked to yield 
[G, D] < C,(H). 
Since 
!G,D]< [G,C]<H, 
we obtain 
[G, D] < C,(H) n H = Z(H). 
Since O,,(G) = 1 and H 4 G, Z(H) Q O,(G) <P. Hence 
[G? D, C] = 1. 
228 
Trivially, 
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[G, C,D] < [H,D] = 1. 
From the 3-subgroup lemma, 
IC, D, G] = 1. 
Since D < C < Am(G), this implies that D < Z(C). We now see that C/Z(C) 
is the direct product of a p’-group and an abelian p-group. This implies that 
the hypercenter of C contains a Sylow p-subgroup of C. One consequence of 
this is that C is the product of a @-group and a p-group. Since G is a 
counter-example and since we are assuming that O,(G) # I, we see that the 
Sylow p-subgroup of C cannot be abelian. We now derive a contradiction 
using basically the same argument as in 16, p. 1571. 
Since the Sylow p-subgroup of C is not abelian, C must contain two 
elements a and b such that ]a, b ] = c # 1 and (a, b, c) is a p-group. Since 
C/D has an abelian Sylow p-subgroup, c must belong to D. Then our 
previous work yields 
c E Z(C), IG, cl < J,f, [H, cl = 1. 
In the semi-direct product AG, let S = (a, b)P and let B = (a, b)G. Then S 
is a Sylow p-subgroup of B. Now c E B - Z(B) (since ]G, c.] # 1) and so c 
has a conjugate distinct from itself in B. However, since c E Z(C), 
I& (c)l = I@, b)G, (c)l = [G, (c)l < ~4 <P < S. 
Since c E S, this implies that all conjugates of c in B must belong to S. Thus 
S contains an element c, such that c # c, but c and c, are conjugate in B. 
Since 
IS, (c)J = I@, b)P, (c)J = IP, (c)J < [P, Cj = 1, 
it follows from [6, Lemma I] that S must contain a subgroup ‘Q such that 
(i) c E Q < (c)“. 
(ii) ivy(Q) is a Sylow p-subgroup of NB(Q). 
(iii) There is an x E ND(Q) n Nn(Cs(Q)) such that x has order prime 
to p and Ix, c] # 1. 
Let W= C,(Q). Since (c)” < (c)lB, (c)] < (c)M and since 
I@, b), (c)Ml = 1, 
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we must have (a, b) < W. Let V= C,,.(Wf? G). Since W < 5’ and 
Sf’lG=P. V=C,(WnP).Then (u:b)< V. 
NOW 
Also, since x has order prime top and since B,‘G is a p-group. x must be!ong 
to G. Then ]a, x] and [!I: x] belong to G. Let 4’ = [a. x ] and z := [h. x). Then 
J and z belong to 
Also 
x-‘cx= /u,b]“= [uy.bz~. 
Since a, b E Y and J, z E Z(V), we obtain 
Since ]x, cj # 1, we have a contradiction. Thus O,,(G) = 1. 
From now on, we identify G with the subgroup Inn(G) of A. This is 
possible since Z(G) = 1. Choose S to be a Sylow p-subgroup of A containing 
P. Then S f3 G = P and so S normalizes P. 
(3) sr, C&P. 
ProoJ Suppose Sn C < P. Since CfY P = Z(Pj, we would have 
S f? C = Z(P). Since S normalizes P, S n C is a Sylow p-subgroup of C. But 
[Z(P), C] = 1. Hence Z(P) is a Sylow p-subgroup of C and Z(P) < Z(C). It 
easily follows from this that C is the direct product of Z(P) and some p’- 
group. 
We now wish to show that G is a minimal normal subgroup of 4. Let %’ 
denote the set of all minimal normal subgroups of A which are properly 
contained in G. Thus we want to show that 59 is empty. 
(4j J!~Y is not empty. then n,,,v C,(H) = 1. 
Pr00j: Let K= nnEV C,(H). Certainly K (! 4. If KrI G = !, then 
]K, G] = 1 which would imply that K = 1. .Assurne. therefore, that 
K n G f I. Then H < K n G for some H E K’. Certainly, 
and so Ii is abelian. Since I-If 1, then at least one of O,iIHj and O,,~(N) is 
not 1. Hut H -3 G and O,(G) = O,,(G) = 1. Thus we would have a 
contradiction to Lemma 2.6. 
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(5) V is empty. 
Proof. Suppose H E g’. O,,(H) = O,(H) = I by Lemma 2.6. H n P is a 
Sylow p-subgroup of H, C induces automorphism of Hz and 1 G! > 1 HI. The 
minimality of G now implies that the automorphisms of H induced by 
elements of S n C are inner automorphisms induced by elements of 
Z(H n P). It follows from this that 
S n C < Z(H n P) C,(H). 
Thus if .x E S n C, then there is some ylr E Z(H n P) such that 
xvi ’ E C,.(H) < C,(H). 
Now fix x E S n C and allow H to range over all members of ‘F. If H and K 
are distinct members of F”, then 
[H,K]<HnK= 1. 
Hence [ y,, y, ] = 1. Therefore, the elements of { yH 1 H E 5Y’) all commute 
with one another. Also n HZKEq y, < C,(H). We now obtain 
E (-) C,(H) = 1. HEW 
Since x was an arbitrary element of S n C, we have shown that 
which contradicts (3). 
(6) G is a non-abelian simple group. 
Proof. It follows from (6) (2), and the fact that O,,(G) = 1, that 
G = H, x me* x H,, where H, ,..., H, are isomorphic, simple, non-abelian 
groups which are permuted transitively by A. Certainly p must divide 1 HiI 
and P (7 Hi is a Sylow p-subgroup of Hi for 1 < i < n. Since C centralizes 
P fl Hi, an element of C cannot conjugate Hi onto Hj for i # j. Therefore, C 
must normalize Hi for 1 < i< n. 
If it = 1, then (6) is proved. Assume, therefore, that n > 1. Then Hi < G 
and so by the minimality of G, any automorphism of Hi which has order a 
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power of p and which centralizes Hin P must be an inner automorphism 
induced by an element of Z(P n Hi). It follows from this that 
Z(Pn Hi) CC(Ni)/CC(H!) 
is a Sylow p-subgroup of C/C@,). (Note that Y = (P 17 Hij x . <. x 
(P PI H,,) and so Z(P n Hi) < Z(P) < C.) Since 
i, C&f,) = C,.(G) < CJG) = 1. 
i-1 
we see that C is isomorphic to a subgroup of the direct product of the groups 
(C/C@,) 1 1 < i < n). It follows from this that 
icl, < f1 Ic/cC(Hi)Ip < (1 I I’ i= 1 i=l 
But P= (PnHJ x -.. x (PnH,) and SO 
I, 
Z(P n Hi)j. 
[.I, i z(p n Hil = I ZPN 
An immediate consequence of this is that Z(P) is a Sylow p-subgroup of C. 
Since this contradicts (3), we have proved (6). 
(7) Contradiction. 
Proqf. We now see that G is a finite, simple, non-abelian group of order 
divisible by p, A = Aut(G), S is a Sylow p-subgroup of A, and P = G n S. 
Theorem B now implies that 
cns=c,(P)=z(P)<P 
which contradicts (3). The proof of Theorem A is now complete. 
THEOREM C. Let S be a Sylow p-subgroup of thejXte group G. .4ssume 
that p > 2. O,,(G) = 1, and P = S nP(G). Then 
(i) C,(P) = Z(P). 
(ii) In particular, Z(S) < P. 
(iii) Each composition factor of F*(G) has order divisible by p. 
Proqf: Let C = C,(P), F* = F*(G), F = F(G)? and E = E(G). Then 
F” = FE, IF, El = 1, E/Z(E) is semi-simple, and C,(F*) <F* [ 5, Seat. 101. 
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Lemma 2.6 implies that O,@/Z(E)) = 1. S ince E/Z(E) is semi-simple, each 
composition factor of E/Z(E) has order a multiple of p. Since O,,(G) = 1, 
O,,(G) = F(G) > Z(E). 
It now follows that each composition factor of F* has order a multiple of p. 
Now O&Y/Z(E)) = 1 since E/Z(E) is semi-simple. The elements of C 
induce automorphisms of E/Z(E) which centralize (P n E)/Z(E) which is a 
Sylow p-subgroup of E/Z(E). Theorem A now implies that 
C < V’n El C&W@)) < ‘V4’-W)). 
Since E is a perfect group, a straightforward argument using the 3-subgroup 
lemma yields 
GWV)) = G(E)- 
Since also C < C,(F) (since F = O,(G)), we obtain 
C < C,(F) n EC,(E). 
But E < C,(F) and so 
C,(F) n EC,(E) = E(C,(F) n C,(E)) = EC,(P) <I;“. 
Thus C < F*. But then 
c=cnsnF*=C,(P)nP=z(P). 
This proves (i) and (ii) is an immediate consequence. Thus Theorem C is 
proved. 
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